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Abstract  

The energy-density component.s O0o and TOo of the canonical and of the metrical energy- 
momentum tensors ®~k and Tlk for a statical field of vector mesons have opposite signa- 
tures: (900 = H = -TOo = -L.  From this property some relativistic and field-theoretical 
theorems can be deduced in an elementary way. 

The Lagrangian o f  a vec to r  meson  field is (cf: Wentzel,  1949; Hund,  1954) 

L = 1FikFik + ½k2A./t i = ½(FouF°V + ½F•vFgU + k2AiAi)  (1) 

wi th  i =  0, 1, 2, 3; ~ = 1, 2, 3 and wi th  the field tensor  

F i k = A k ,  i - -A i ,  k, F#u=Az, ,~ - A ~ , v ,  Fou=Au,o  - A o , v  ( l a )  

For  a statical vec tor  f ield we have 

A u = A u  = 0 (u=  1, 2, 3), A °  = A o  = ~°(XX), ~,0 = 0 
(2) 

With (2) the Lagrangian (1) becomes  the negative def ini te  express ion 

L = -½(~,v~,~ + k% 2) (~ = A o) (3) 

The canonical  energy tensor  to  the Lagrangian (1) is 

Oik = (~L/~AI,i)AI,k - 8ikL = FilFkt  + Fi lAk,  l -- 5ikL 

Oik = Ella l,k -- ~?ikL (4) 
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and the metrical energy tensor defined by Hilbert (1924) is 

Tix = (2/v~-g)[6('v-/-gL)/6g ix] = F i l F x  t + k 2 A i A x  - ~ ikL (5) 

In (4) and (5) 

~Tix = diagonal ( -1 ,  +1, +1, +1) 

is the Minkowski tensor. 
For the statical field (2) the spacelike components of ®ix and Tix become 

identical: 

® . v  = Tuv = -~o,u~P,v + 18uv(%X~,x + k2~ °z) (/~, v = 1, 2, 3) (6a) 

and the space-time components of both tensors vanish: 

Tuo = ®uo = ®ou = 0 (6b) 

But the timelike energy component of ®ix is given by the negative definite 
expression 1 

®00 = --½(~P,vtP,v + k 2 ~  2)  = L ~< 0, ®° o = H = - L  (7) 

and the energy component of Tik is given by the positive definite expression 

Too = ~,v~o, v + k ~ o  2 + L = a(~,v~, v + k2~ 2) = - L / >  0 (8) 

Therefore, for a statical vector field the energy densities defined by the canonical 
and by the metrical tensor have opposite signatures: z 

Too = - 0 o o  = - L  = ½(¢,v¢,v + k 2 ~  z) (9) 

This point makes clear an old problem discussed by Laue (1953): In a bimetrical 
theory of gravitation the energy density f/oo of a statical field becomes positive 

I The Hamil tonian to the  Lagrangian (1) (cf. Wentzel, 1949) follows f rom 

®o ° = - ® o o  = H = (aL/aAl ,  o)At ,  o - L 

= FOVFov + FOVAo, v - L 

= ½.(FOVFov - ½ F U V F g v -  k 2 A i A  i) +FOVAo,v 

1 1 p 1 2 i = -'2rcvz¢ v + 7rvAo, v - ~tTt~vFt'~ - ~k  A iA  

with the  canonical m o m e n t u m  

ni = aL /aA  i,o = F ° i  = - F o i  = Fio,  7to = 0 

2 With (2) the  equat ions  (6)-(9) are valid for a field A i  with the  Lagrangian of  Wentzel 
(1949): 

L*  = I(AI,iAI,XrliX + k 2 A i A i ) ,  7r*i = - A i , o  

and for Fermi ' s  version o f  e lec t rodynamics  (cf. Wentzel, (1949), too. 
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definite in spite of the fact, that this gravitation field describes an attractive 
interaction. Laue has defined the energy tensor density 12 i k of the bimetrical 
gravitation field in analogy to Einstein's general relativistic affine tensor 

f ik = { [(02'¢/0gmn ,i)gm n,k - 6 i k f  ] (t O) 

with the Lagrangian • for the gravitation fieldgik. From (10) as the energy 
density of a statical field the positive definite expression (cf. Laue, 1953) 

12oo = -½goo f ~> 0 (1 t) 

results, because for statical gik the Lagrange density ~ is positive definite, and 
it is goo < O. :~P/> 0 means that the statical gravitation interaction gives attrac- 
tive forces. 

However, Laue's tensor f ik is a canonical energy ,tensor, and the.canonical 
energy density 19oo of a statical vector field (2) is negative definite 

19oo = L ~< 0 

because this L is a Lagrangian of a repulsive interaction. 
For source-free vector fields, that is, for a closed field theory, with the field 

equations 

~L/6Ai=Fit , l+k2Ai=O (~Ai , i=O for k ~ O) (t2) 

the connection between the metrical and the canonical tensor is given by the 
divergence of a superpotentiat (cf. Hund t 954). According to (12) we have 

Tik  = 19ik + t I ik l , l  ( 1 3 )  

with the superpotential 

Hie l = --Hlk i = A k Fli (13a) 

and with the conservation laws 

Tik , i  = 19ik, i = Hik l , l i  = 0 ( 1 3 b )  

For a time-independent source-free field A i we have with Ai, 0 = 0 

Tik = ®ik + Hikv,v (14) 

and the space integrals over these Tik can be written 

f TikdaX = f ®itcdax + f HikvdSV (v= 1 ,2 ,3)  (15) 
V 3 V3 8V 3 

according to the Gaussian theorem. Therefore, for time-independent fields Aj 
without sources and without singularities the volume integrals over the metrical 
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and the canonical tensor are equivalent, if V 3 is the space x ° = const; it is ac- 
cording to (12): 

f r , k  d a x =  f oek dax  (16) 
x ° = const  x ° = c o n s t  

From (16) and (9) it follows, that for a source-flee statical vector field (2) 
the energy integral must vanish: 

f Tood3X-- f Oood3X--- f 0o0 3  
x ° = const  x ° =cons t  x o =cons t  

= -  f L d3x  = 0 (17) 
x o = const  

and because of  the definity of  the statical L this function must vanish itself: 

- 2 L  = ~O, vtp, v + k 2 ~  2 = 0 ( 1 8 )  

Equation (18) implies well-known potential-theoretical theorems for statical 
fields without sources and singularities. Equation (18) gives in the case of  
vector mesons (with k ~ 0) 

~°,v = ~,i = 0 and ~ = 0 ---> Tik = (gik = 0 (19a) 

and for the electrostatical field (with k = 0) 

~,v = ~o,i = 0 -+ Tik = ®ik = 0 (19b) 

That means, a statical source-free field of vector mesons vanishes, A i = 0, and 
a source-free electrostatical field has a vanishing field strength, Fik  = 0. 3 

Generally, in a nonclosed theory of  vector fields (cf. Hund, 1954) a source- 
density current si defined by 

6 L / 6 A  i = Fil,l + k 2 A i  = s i (20) 

exists with the charge density - s  o = s o = p. Then the connection between the 
canonical energy tensor (4) and the metrical energy tensor (5) is given by 

Tik = Oik + Hikl, l  -- A k F l i , l  

= 0 i i  c + ( A k F l i ) , l  + A k F i l , l  

= ~)itc + H i k l , l  + A k s i  (21) 

3 T h a t  t h e  s o u r c e - f r e e  s t a t i o n a r y  f ie ld  A i van i shes ,  t o o ,  f o l l o w s  f r o m  th i s  t h e o r e m  in  a 
s imple  w a y :  T h e  t i m e - i n d e p e n d e n t  f i e ld  e q u a t i o n s  (12)  a re  

-Ai , ,~V + k2  A i = - (  A - k 2 ) A  i = 0 

But ,  t he  s a m e  e q u a t i o n  (A - k2)~o = 0 de f i ne s  t h e  s o u r c e - f r e e  p o t e n t i a l  A 0 = - ¢  in  t h e  
s t a t i ca l  case  f o r  w h i c h  w e  h a v e  p r o v e d  t h a t  ~ = 0 is t h e  o n l y  s o l u t i o n  w i t h o u t  s ingula r i t i es .  



SIGNATURES OF ENERGY DENSITIES OF VECTOR FIELDS 317 

For  a t ime- independent  vector  field with sources the integral relations 

f T,~ d3x = f 6)ik d3x + f Aksi d3x 
x ° = const x ° --const x ° = const 

follow. For a statical vector  field (2) we have sv = 0, and the equat ions  (6a) 
and (6b)  are valid. But,  for the energy-densi ty componen t s  (9) the integral 
relat ion 

f Too = -  f 0oo d3x= f ®oo d 3 x +  f ~P d3x 
x ° = c o n s t  x ° = c o n s t  x ° = c o n s t  x ° = const 

(23) 

results from (22). Equa t ion  (23) determines  the in terac t ion  energy of  a statical 
vector field to 

1 3 f Too d3x 

References 
Hilbert, D. (1924). Die grundlagen der physik. Mathematische Annalen, 92, 1. 
Hund, F. (1954). Materie als FeM. Berlin. 
Laue, M. v. (1953). Die Relativitiitstheorie. Vol. II, Braunschweig. 
Wentzel, G. (1949). Quantum Theory of FieMs. New York. 


